We consider the emergent universe scenario supported by a chiral cosmological model with two interacting dark sector fields: phantom and canonical. We investigate the general properties of the evolution of the kinetic and potential energies as well as the development of the equation of state with time. We present three models based on asymptotic solutions and investigate the phantom part of the potential and chiral metric components. The exact solution corresponding to a global emergent universe scenario, starting from the infinite past and evolving to the infinite future, has been obtained for the first time for a chiral cosmological model. The behavior of the chiral metric components responsible for the kinetic interaction between the phantom and canonical scalar fields has been analyzed as well.
Introduction
Roughly a decade has passed since the appearance of the emergent universe (EmU) scenario proposed by Ellis and Maartens [1] . The discussions on the viability of this model include such topics as the physical status of the emergent potential [2] , existence and stability of such a model [3] , confirmation of the existence of the EmU solution in a Starobinsky model [4] , the influence of exotic matter on the EmU evolution [16] , and constraints on exotic matter needed for an EmU [17] . An extension of the EmU scenario for generalized Einstein gravity containing an EmU in the brane world [5, 6] and chameleon, f (R) and f (T ) gravity theories [19] has been carried out. Ellis and Maartens [1] had shown that the EmU is possible for closed Universe (ǫ = +1) if one considers a scalar field. Debnath [18] showed that the EmU is possible for all values of ǫ = {+1, −1, 0} if one considers a phantom or tachyonic field. An EmU supported by a nonlinear sigma model with the potential of (self)interactions (so-called chiral cosmological model) was proposed in the work [10] .
It was shown in [10] that a nonlinear sigma model in its most simple version with two components can support the emergent universe scenario. From a logical point of view, it is very suitable when we have only two scalar fields during the time when the universe is undergoing slow expansion from the minimal radius to the small radius. Actually one can consider the self-interacting scalar field as a fluid of a special type with ρ = K + V, K := 1 2φ 2
and p = K − V . But it is definitely not possible to suggest the presence of matter in the form of a fluid at this stage of the universe's evolution: no particle, no fundamental forces. Let us consider a single scalar field and a multiplet of them. It is clear that we can always consider a scalar singlet as an effective scalar field as the first stage of the phenomenon's understanding. In the real situation, it is always a composition of a few scalar fields: the relation between a multiplet of scalar fields with geometrical (kinetic) interaction can be described by an effective singlet with the relation [12] :
Thus from the general relativity point of view, we have the same type of source of the gravitational field, but more complicated dynamics in the case of a multiplet of scalar fields. Therefore in the present situation, we do not need to add any additional matter to the single scalar field during the universe emerging period (t → −∞). We can state that a scalar field is decomposed into at least two chiral fields and they are supporting an EmU [10] .
Let us consider the second feature of a chiral cosmological model. There are no ways generally speaking to present each scalar field as an additive contribution in the energy density
because of the kinetic interaction. Indeed, e.g., in the case of a diagonal two-component chiral cosmological model (in gaussian coordinates) we have
Only in the case h 22 = h 22 (ψ) and V (φ, ψ) = V 1 (φ) + V 2 (ψ) after redefinition of ψ :ψ = h 22 (ψ)ψ we arrive at the multicomponent scalar field model with
In the present article we will show that the model with two scalar (chiral) fields can describe an emergent universe in an asymptotic and exact solutions basis. One of the fields (phantom one!) can be considered as responsible for the evolution of the flat part of the universe while another field is responsible for the appearance of the curvature of the Universe.
Chiral cosmological model
We start from the action of a chiral cosmological model as the action of a self-gravitating nonlinear sigma model (NSM) with the potential of (self)-interaction V (ϕ) [11, 8] :
where g µν (x) is the metric of the space-time, ϕ = (ϕ 1 , . . . , ϕ N ) is a multiplett of the chiral fields (we use a notation ϕ A ,µ = ∂ µ ϕ A = ∂ϕ A ∂x µ ), and h AB is the metric of the target space (chiral space) with the line element
The energy-momentum tensor for the model (1) reads
The Einstein equations can be reduced to the form
Varying the action (1) with respect to ϕ C , one can derive the dynamic equation of a chiral
where V ,A = ∂V ∂ϕ A . Considering the action (1) in the framework of a cosmological space, we arrive at a chiral cosmological model [13, 14] .
Let us start from the case of a two component chiral cosmological model as a source of the gravitational field with the target space metric (2) in the form
Let us remember that we always make the choice h 11 = ±1 which implies the choice of gaussian coordinates with chosen signature. Henceforth we will consider h 11 only in the above-mentioned sense, i.e., as a sign control symbol and not as a function. The energy-momentum tensor (3) for the chiral metric (6) takes the form
The metric of a homogeneous and isotropic universe can be taken in the FriedmanRobertson-Walker (FRW) form as
For the metric (8) , the field equations of the two component chiral cosmological model (5) and Einstein's equations (4) can be represented in the form:
This system of equations is the system of differential equations of second order with three unknown variables: two chiral fields ϕ and ψ, and potential V . In accordance with the method of fine tuning of the potential [15] , the law of evolution of the Universe a = a(t) is specified. The metric of a target space is not fixed as it is traditionally accepted, giving us the freedom of adaptation to resolving the problem. Making a simple algebraic conversion of the Einstein equations (11)- (12), we find their useful implication:
To obtain the exact solutions presented in the article, we demand that mappings ψ(t), ϕ(t) and t(ψ), t(ϕ) are single valued and simple (not transcendental).
It is convenient to search for solutions with the following form of metric components h 22 and total potential V tot
respectively. Solving the equation (10) with the substitution (15) we have a problem. In this case equation (10) reads
To avoid the problem of solving this equation, we shall consider the case when h 22 → 0 and V 3 → 0. In this situation equation (16) tends to zero.
Emergent Universe scenario with two dark sector fields
A nonlinear sigma model has already been considered as the source of the emergent universe [10] . Here we consider the 2-component NSM and we choose the scale factor in the most general form [16] 
Let us carry out an analysis of the general evolution of the EmU and physical interpretation of the model's parameters. The EmU started off from the radius a i > M −1 P [1] in the infinite past t → −∞. Using this asymptote, we find that A = a i β m . Starting from the radius a i , the scale factor of the Universe then increases until the epoch t = 0. Let us denote this radius as a s . When we consider the evolution from t → −∞ to t → +∞ and there is no singularity for the t = 0 epoch, we can choose the time that inflation starts. For example, we can chooseȧ = 0.001 as the moment when the velocity of expansion of the Universe is about 1/1000-th part of the velocity of light. The number of e-folds to the t = 0 moment can be estimated as
From (18) we conclude that the parameter m reduces of number of e-folds until the zero moment. Also we can express the parameter β in terms of the e-fold number N s as:
Obviously, until the end of inflation, if we will have the radius of the Universe being a e , then the number of e-folds from inflation will be
The total number of e-folds will thus be the sum of N s and N inf . Note that for the EmU scenario, we have eternal inflation and exit from it may be considered in the standard inflationary scenario way: decay of scalar fields and creation of particles, reheating, etc [1] .
Evolution of the total kinetic energy and the potential
Now let us turn to an analysis of the implications of Einstein's equations (13), (14) which for the EmU scenario take the form:
From these equations, we can find the general behavior for the evolution of the total kinetic energy K and total potential V tot . To this end, let us consider asymptotes t → ±∞ and zero time value (with κ = 1, ǫ = 1) for the kinetic energy:
Let us mention that during evolution, the kinetic energy may be less then zero, because of the phantom character of one of the chiral fields. The graphs for special values of the parameters are displayed in Fig.1 .
Figure 1: The total kinetic energy evolution
For the total potential we have at the asymptotes t → ±∞ and zero time value:
For the special choice of parameters, we have a local minimum for negative time (Fig.2 ). 
Evolution of the equation of state
Let us consider the general evolution of the EOS for the EmU scenario. With the definition of the scale factor (17), one can find
Let us consider the asymptotes. At times when t → −∞ the EOS has the limiting form:
When t → 0 one can easily obtain a general formula for the EOS. We will consider the result with the assumptions that m = 1 and β = 1. In this case we have:
This give us an EOS close to −1, if α 2 a 2 i is of the order of unity. The case t → +∞ gives us the direct answer that
This means that at late times the Universe turns to the Λ dark energy scenario.
This analysis confirms that it is the dark energy fields that give rise to the EmU scenario.
The number of e-foldings
In our work we have obtained exact solutions which gives us the possibility to use exact inflation techniques [21] instead of the slow-roll approximation. Let us follow the prescription for the superpotential construction in the case of a canonical single scalar field [22] . If we choose the superpotential as the total energy potential in the form
then the linear combination of the equations for the chiral fields leads to the following relation
This relation allows us to calculate the e-folding number for each exact solution with the formula
As we have two fields depending on cosmic time t, it will be easier to integrate over t. Numerical integration in (31) may also be applied. Let us mention here that for the power spectrum and spectral indexes analysis, the exact inflation approach [21] can be applied for the model under consideration as well. Now we will present three models based on asymptotic solutions when t → ±∞ and V 3 (ψ) tends to zero (15) , and one exact solution describing the global evolution of the EmU. These solutions have been obtained with the use of the freedom in choice of the chiral metric component h 22 , viz., we consider the case when the first chiral field ϕ corresponds to the second term in eq. (13), i.e., we set
From this relation it is easy to see that sinceḢ > 0 for the EmU scenario, we need h 11 < 0. Without loss of generality we can choose gaussian coordinates with h 11 = −1. This means that the first chiral field should be a phantom one. We connect the second chiral field with the curvature of the Universe, viz., we set
In the case of the EmU, we obtain h 22 > 0, i.e., the second chiral field ψ should be considered as an ordinary (canonical) field.
The Model 1
For simplicity, let us choose the Newton gravitational constant κ = 1. Thus by integrating equation (32), we obtain for the first (phantom!) field the solution:
where ϕ i stands for the value of the scalar field at the time −∞ . We will restrict our consideration to the period − π 2 <φ < π 2 which allows for the time to run from −∞ to +∞. Let us remember that we can represent the parameter A as the combination of a i (initial size of the EmU), and parameters β and m from the following relation: A = a i β m . Let us note also that the solution (34) is valid for all four models.
The evolution of the second canonical field can be considered as given. Then we can calculate the chiral metric component h 22 from (33). For the first model we choose the dependence of ψ on cosmic time as follows
Then the chiral metric component h 22 can be expressed in the form:
The V 1 part of the potential takes the form:
It is worth stressing here that the solution for V 1 (37), as well as forφ (34), are valid for all models below. The dependence of the shape of the potential V 1 vsφ related to the parameter m value is displayed in Fig. 3 and Fig. 4 .
We will consider the V 2 part of the potential in the limiting case when t → ±∞. Thus V 2 and its multiplier are:
Let us investigate the case of positive and negative ζ. For the sake of simplicity let ζ = 1. The general features of h 22 are as follow (see Fig.5 ). We consider h 22 as an even function to prevent a crossing of the phantom boundary (this case may be studied separately). During times when t → ±∞, the chiral metric component h 22 → 0. This can be interpreted as the absence of influence from the second chiral field at the mentioned stages (as one can see in spite of the growth of the second field itself). Nevertheless during times close to zero, the value of h 22 tends to infinity. This means that the second field ψ plays an important role during the inflationary period and acts as the inflaton.
The second possibility is ζ = −1.
The situation in this case is different (see Fig. 6 ). During the inflationary stage, when time tends to zero, h 22 tends to zero and almost cancels the influence of the second field ψ during times close to zero. This means that the first chiral field ϕ acts as the inflaton. During the period when time tends to ±∞, the chiral metric component h 22 takes maximum values. This means that the second field ψ plays an important role at infinite times.
There is one more possibility to have a solution with two maximums and one minimum by matching parameters of the model. Then h 22 tends to zero, when t → ±∞ and t → ±0. Thus the effect of the second field ψ is cancelled during those times.
Let us turn our attention to the potential V 1 (ϕ). Its behavior looks like the case of h 22 with ζ = −1 in Fig.6 . The difference is in the amplitude.
The Model 2
The model 1 obeys the property that the value for the second chiral field ψ tends to infinity in the infinite future. From the point of view of background dark sector fields [20] , it is preferable that the values of the fields are restricted. Therefore we are looking for the solution of a kink type for chiral fields. Model 2 gives us such a solution. We will keep the solution for the chiral fieldφ in the same form as in eq. (34) as well as the solution for the V 1 part of the potential (37). This is possible because of our choice to keep for the first chiral field the responsibility for the spatially-flat part of the Universe. Let us mention once more that in the EmU, the first chiral field should be a phantom one because of relation h 11φ 2 = −Ḣ and the fact thatḢ > 0 for the scale factor (17) . We can also state that the V 1 part of the potential is determined by the spatially-flat part of the Universe. When the multiplier e f (ϕ) is fixed, we have a dependence of the V 2 part of the potential on the second field ψ.
The solutions obtained for model 2 are
where K 1 is an arbitrary constant. The potential V 2 (ψ) once again in the limiting cases 
We can see from Fig. 7 and Fig. 8 the possible types of the h 22 evolution. The first possibility in Fig. 7 gives us a good example of a singularity-free solution. The influence of the second field at infinite times (past and future infinity) tends to zero, i.e., the dynamics of the Universe is determined by the first (phantom) field ϕ. During the inflationary period, the role of the second field ψ became essential. The shape of the chiral metric component h 22 displayed in Fig. 8 provides us with some other information about the second field, viz., the field ψ plays an important role at infinite times and during the inflationary period where h 22 tends to infinity. As we mentioned earlier, model 1 allows infinite values for the second chiral field ψ. From the position of background dark sector fields [20] , it would be more suitable if the values of the fields could be restricted. Therefore we seek solutions of the kink type for chiral fields. Model 2 gives us such a solution. Let us consider the solution for the chiral fieldφ in the same form as in eq. (34)
The same result holds for the V 1 part of the potential, viz.,
As a possible evolution of the second (canonical) chiral field we can consider a few possibilities, firstly, connected with the solution investigated in model 1. To avoid an infinite increase of the solution (35) when t → ±∞, let us choose
where K 1 is arbitrary constant. With the choice (45), the chiral metric component h 22 can be expressed in the form:
After some calculations, we can find the V 2 part of the potential as
The function f (ϕ) is determined by the same relation (38):f (ϕ) = 1 2 ln (h 22 (ϕ)) . The component h 22 may have a very different shape depending on the parameters of the model. We can find shapes similar to that for model 2. But here we can find the chiral metric component h 22 in principally new forms, displayed in figures 9-10 which show the possible dependence on ϕ.
The Model 4
We have considered solutions which are valid for times t → ±∞. To connect the results with the entire evolution of the universe, we need an exact solution for the model. An example of such a solution can be found with the assumption that the second canonical fieldψ is proportional to the cosmic time t, viz., if we chooseψ = √ 2t, then we have the same solution for the first phantom fieldφ (34) and the V 1 part of the potential (37). The V 3 part of the potential vanishes. Thus the exact solution which is valid for the entire evolution of the Universe reads 
Let us compare the asymptotes of exact model 4 with the models 1-3. When t → +∞ we can state that for the exact model h 22 and V 2 tend to zero. We can find the same asymptote under special choices of parameters for the model 1 (see Fig. 5 and Fig. 6 ), for the model 2 (see Fig.7 ) and for the model 3 (see Fig. 10 ). As for the negative time asymptote t → −∞, we have h 22 → 0 which agrees with models 1-3, but for V 2 we have V 2 → 2 a i . The last asymptote does not exist for models 1-3. The potential part V 2 can tend to zero or to infinity.
Discussions
In this article, the ideas presented in the work [10] have been further developed. In [10] , we considered the simplified equations for the two component nonlinear sigma model during the time when t → −∞ and also the simplified metric of the EmU during the inflationary period. Here we have presented models 1-3 with asymptotic solutions for positive and negative infinite times and model 4 which contains the exact solution with two chiral fields as some kind of dark sector fields. Model 4 describes the EmU from t → −∞ until the end of inflation, and coincides with the asymptotes of models 1-3 for those times.
If we compare the solutions obtained in the present article with those presented in [10] , it becomes clear that asymptotically they may coincide under a suitable choice of the initial values for the first chiral field. But for the chiral metric component h 22 and for the second chiral field ψ the results are very different. Component h 22 tends to a constant value when t → −∞, while ψ → −∞ as well. This is not very clear from a physical point of view: in the infinite past there exists a scalar field with the amplitude tending to minus infinity.
We can see another feature from the explicit solution presented in [2] for a scalar field singlet. We mention here that the exact solutions for the EmU obtained by the authors in [2] with the help of the fine turning method of the potential was suggested for the fist time in the work [24] and then developed in the works [23] , [25] . Afterwards, this method was reopened in the work [26] and applied to tachyonic matter.
The solution in [2] consists of two parts: asymptotically a static Einstein Universe when t → −∞ and at late times the scale factor has exponential behavior a(t) ∝ exp(αt).
If we consider the solutions for the potential and the scalar field, we find an unpleasant situation with the scalar field: it tends to −∞, and the potential tends to a constant value. We have the same situation with the V 1 part of the potential for the models 1-3 presented in this article. For the model 1, we have constant values for t → −∞ and an infinite increase of the second field for t → ∞. But for model 2 and model 3 this unpleasant behavior was corrected. Thus we suggested models which are reasonable from a physical point of view: the chiral fields (the first is phantom one, while the second is canonical) are evaluated during the global evolution of the Universe and they are restricted in amplitudes. The kinetic interaction between these two fields has the feature that during the inflationary stage they may have infinite values. This fact may be interpreted as a dominant influence of the second canonical scalar field during the inflationary stage. Nevertheless, for a special choice of parameters, the amplitude of the second field may have a large but finite value.
Let us stress here that we have obtained for the first time an exact solution for the EmU supported by two chiral fields in model 4. When t → −∞ we have ψ → −∞, the chiral metric component h 22 → 0 and the V 2 part of the potential tends to the constant: V 2 → 2 a i . Nevertheless, if we take into account the multiplier e f (ϕ) = √ h 22 of the V 2 which tends to zero, effectively the situation will be as in the case of models 1-3. When t → +∞, we have ψ → +∞ and the chiral metric component h 22 and the V 2 part of the potential tend to zero which is in agreement with models 1-3.
Summing up the result of the article we can state that the exact solutions of the model 4 we found here can support the EmU during the entire evolution of the Universe, starting from the infinite past and evolving to the end of inflation with the necessary emergence from the inflationary stage in the usual way: decay of scalar fields, particle production, reheating etc. Moreover, we investigated the role of the chiral metric component h 22 responsible for the interaction of the first phantom chiral field and the second canonical field.
